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Abstract 
The particularity and practicality of harmony operations of close-coupling multiple helicopters indicate that the researches on it are 
urgent and necessary. Using the model that describes two hovering helicopters carrying one heavy load, an inertia coordinate system and 
body coordinate systems of each sub-system are established. A nonlinear force model is established too. The equilibrium computation 
results can be regarded as the reference control inputs of the flight control system under hovering or low-speed flight condition. After the 
establishment of a translation kinematics model and a posture kinematics model, a coupling dynamics model of the multiple helicopter 
system is set up. The results can also be regarded as the base to analyze stabilization and design a controller for a close-coupling multiple 
helicopters harmony operation system. 
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1 Introduction* 
As an automatic aircraft can be considered a 
flying robot, many universities and research organi-
zations in the last year have fulfilled researches on 
flying robots. Helicopters have high practicality 
because they can take off and land vertically, hover 
on one point, and have larger load capability than 
other forms of aircraft. Moreover, complexity and 
particularity of helicopter’s dynamics characteristics 
have made it an ideal object in studying the dynam-
ics characteristics of aircraft. Therefore, helicopters 
are often chosen to be the preferential object to 
study the practices and theory of aircraft[1-4]. This 
paper is also dedicated to helicopters[5-8]. 
At present, many countries and their military 
organizations are doing research work on the flight 
theory and military uses of multiple aircraft, also 
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could be found a lot of publications in this field[9-12]. 
Using multiple aircrafts, more kinds of missions 
could be performed than using only one aircraft. 
During the operation with multiple aircrafts, a great 
deal of message has to be exchanged between each 
craft, which, still, is dealt with in a loose-coupling 
way[13-14]. Still exist some cases, in which harmony 
operation of multiple helicopters with stronger and 
closer coupling is needed, for example, in trans-
porting large equipment and emergency rescuing. In 
these cases, because the mass of the load exceeds 
the load capacity of a large-scale helicopter or a 
large crane, harmony operation between two or 
more helicopters with close-coupling becomes the 
first choice. Even if the mass of the load does not 
exceed a large helicopter’s capacity, stronger cou-
pling and harmony operation is still needed when a 
fixed posture is required to be maintained. Fig.1 
shows a suspending and carrying model of a close- 
coupling multiple helicopters system (CCMHS). 
· 72 · Zhao Zhigang et al. / Chinese Journal of Aeronautics 21(2008) 71-78  
 
This is a very complex operation system. In order to 
analyze the working process of the proposed system, 
a system model must be established. It is well 
known that to model a helicopter is a difficult prob-
lem. The model of helicopter in common use is a 
6-DOF rigid model that includes a rotor model. The 
dynamics and mathematic modeling of a soft object, 
such as a thick rope, also is a difficult problem. 
There are some kinds of models such as line spring 
model, rigid soft large rope model, rigid soft object 
model and spring soft object model etc[15]. From the 
above discussion, it is clear that the operation of a 
CCMHS presents a new challenge, which is abun-
dant in practical and theoretical meanings. 
 
Fig.1  Suspending and carrying model of close-coupling 
multiple helicopters system. 
The research work in connection with the mul-
tiple helicopter system includes force equilibrium 
computation, kinematics and dynamics analyses. 
The remainder of this paper is organized as follows: 
Section 2 introduces a kind of SSMHS. Section 3 
defines the coordinates of the system. In Section 4, 
the translation kinematics model and the posture 
kinematics model are established. Subsequently, the 
coupling dynamics model of the multiple helicopter 
system is established in Section 5. In Section 6, us-
ing the kinematics model proposed above, the rela-
tive velocity can be simulated and the results are 
given.  
2 Model of Close-coupling Multiple He-
 licopters Harmony Operation 
The close-coupling helicopters are joined with 
the load by a soft thick rope, which causes forces 
and kinematics restrains between the sub-systems. 
These systems can be regarded as a single one, but 
each sub-system is independent of others. Suppos-
ing helicopters are rigid bodies, the proposed system 
is a multiple rigid soft rope structure. The rope pro-
vides drag force only. There is a drag force of the 
rope besides the air force, air resistance and gravita-
tional force. Regarding the helicopters and the load 
as particles and support points of the rope, CCMHS 
is a mass-damp system. Fig.2 defines a kind of sys-
tem, which includes a model of two helicopters, and 
the model of a load. It can be seen that the motion 
and the position of the helicopters determine the 
motion and the position of the load through the ca-
ble, i.e., there is dynamics coupling between sub- 
systems. 
 
Fig.2  A space structure of two helicopters suspending and 
carrying an object. 
In order to avoid influences on the airfield 
around the helicopters and ensure system safety in 
space, the distance between sub-systems must be 
kept large enough. Suppose two helicopters suspend 
and carry one rectangle load, Fig.2 shows this sys-
tem’s space structure. If a, b, c and M are given, the 
pull force of cable, F, can be calculated by 
/(2cos )F M α=             (1) 
where M is the gravity of the load, α the angle be-
tween F and the vertical direction. 
3 Coordinate System Definitions 
In CCMHS, every sub-system can translate 
and/or rotation not only relative to the fixed coordi-
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nate system, but also relative to the other subject (a 
moving coordinate). In order to define relative posi-
tions, velocities and accelerations, multiple coordi-
nate systems must be used. Because there are many 
variables, such as forces, moments and motion 
variables, which obey complex laws, many coordi-
nates and the relations between the coordinates are 
needed. The coordinate systems and the relevant 
motion variables are defined as follows. 
As shown in Fig.3, two kinds of frames should 
be considered: the reference inertial grand frame 
fixed to the globe, and the body frames attached to 
the helicopters. In the grand frame Ogxgygzg (repre-
sented by Sg), the origin Og is an arbitrary point 
close to the helicopter on the globe. Because the 
helicopter’s flying velocities is small relative to the 
self-rotating velocity of the globe, the globe gravita-
tion field can be regarded as a simple parallel force 
field in which the force is a constant. zg points 
downward vertically while xg points northward in 
the horizontal plane, so yg can be fixed by the Right 
Hand Rule. The grand frame is mainly used to de-
termine the positions and postures of helicopters. In 
the body frame Obxbybzb (represented by Sb), the 
origin Ob is located at the center of mass of a model- 
scale helicopter, xb points to the frontage along the 
structure longitudinal axis, zb points downward and 
is perpendicular to the longitudinal axis in the 
symmetrical plane, the lateral axis yb is perpendicu-
lar to the symmetrical plane and points to the right. 
The body coordinate systems of helicopter 1, heli-
copter 2 and the load are defined as Ob1xb1yb1zb1 
(represented by Sb1), Ob2xb2yb2zb2 (represented by 
Sb2), Ob3xb3yb3zb3 (represented by Sb3) respectively. 
The relation between the body frame Sb and the 
grand frame Sg can be defined by three Ruler angles, 
i.e. posture angles (ψ, θ, φ ). ψ is named a yaw an-
gle, the one between the projections of xb on the xgyg   
plane, and if the projection is on the right of xg, it is 
positive. θ is named a pitch angle, the one between 
the xb and the horizontal plane xgyg, and if the direc-
tion of the xb is above xgyg, it is positive. φ is named 
a roll angle, the one between the structure symmet-
rical plane xbzb and the plumb plane across the lon-
gitudinal axis, and if the plumb plane can rotate to 
the symmetrical plane deasil when seen along xb, it 
is positive.  
 
Fig.3  Coordinates of suspending and carrying system of 
close-coupling multiple helicopters. 
ψ, θ, φ determine the posture of a model heli-
copter, where ψ and θ determine the direction of the 
xb, φ the rotating motion of a helicopter around the 
xb. The posture angles of helicopter 1, helicopter 2 
and the load are denoted by (ψ1, θ1, φ1), (ψ2, θ2, φ2) 
and (ψ3, θ3, φ3), respectively, as follows: 
1 1 1, ,
g b1S S
ψ θ φ⎯⎯⎯⎯→              (2) 
2 2 2, ,
g b2S S
ψ θ φ⎯⎯⎯⎯→              (3) 
3 3 3, ,
g b3S S
ψ θ φ⎯⎯⎯⎯→              (4) 
4 Kinematics Analysis 
No matter what maneuvered flight do the 
model-scale helicopter perform, the computation of 
its velocity and acceleration must be fulfilled before 
that of the posture angles, manipulate variables and 
over-loading. In order to ensure the system safety of 
two helicopters suspending and carrying a load, 
every sub-system must be safe in work, and enough 
information about relative velocities, relative acce- 
lerations, relative postures must be provided for 
multiple helicopter harmony operation[15]. Before 
the kinematics analysis, the helicopter 1 is supposed 
to be the main object, and the helicopter 2 the ref-
erence object, which means the movement charac-
teristics of the helicopter 2 relative to the helicopter 
1 is to be studied. 
The motion equations of the sub-systems are  
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1 1d / dt =r V                 (5) 
2 2d / dt =r V                 (6) 
3 3d / dt =r V                 (7) 
where r1, r2, r3 and V1, V2, V3 are position and ve-
locity vectors of the helicopter 1, the helicopter 2, 
and the load. The relative position vector r21 and the 
relative velocity V21 can be expressed by  
21 2 1
21 2 1
= − ⎫⎬= − ⎭
r r r
V V V
               (8) 
The distributive variables are 
21 2 1
21 2 1
( ) ( ) ( )
( ) ( ) ( )
i i i
i i i
= − ⎫⎬= − ⎭
r r r
V V V
             (9) 
The other relative velocities and relative positions 
are similar to those in Eqs.(8)-(9). 
    The rotation kinematics equations of the sub- 
systems are 
( )
( )
b b b
b b
b b
d / d
d / d
d / d
tan sin cos
cos sin
sin cos / cos
i
i
i
x i i y i i z i i
y i i z i i
y i i z i i i
t
t
t
φ
θ
ψ
ω θ ω φ ω φ
ω φ ω φ
ω φ ω φ θ
⎡ ⎤⎢ ⎥ =⎢ ⎥⎢ ⎥⎣ ⎦
⎡ ⎤+ +⎢ ⎥−⎢ ⎥⎢ ⎥+⎣ ⎦
   (10) 
where bx iω , by iω , bz iω (i=1,2,3) denote roll, pitch and 
yaw angle velocities of the helicopter 1, the heli-
copter 2, and the load respectively. It can be seen 
that the angle velocities are not equal to the change 
rates of the Ruler angles: d / di tφ , d / di tθ , d / di tψ . 
If the angle φi, θi, ψi are small enough, the angle 
velocities will approximate to the change rates. Let 
the relative Ruler angles φ21, θ21, ψ21 express the 
relative posture of the helicopter 2 relative to the 
helicopter 1: 
21 b2g b1g=L L L              (11) 
21 21 21, ,
b1 b2S Sφ θ ψ⎯⎯⎯⎯→           (12) 
    In order to calculate the relative Ruler angles 
φ21, θ21, ψ21, the rotation dynamics equations of 
sub-systems are established as follows: 
( )1 b1d / dt =ω  
( ) ( ) ( ) ( ) ( )11 1 1 1 1b1 b1 b1b1 b1×− ⎡ ⎤−⎢ ⎥⎣ ⎦I M Iω ω    (13) 
( )2 b2d / dt =ω  
( ) ( ) ( ) ( ) ( )12 2 2 2 2b2 b2 b2b2 b2×− ⎡ ⎤−⎢ ⎥⎣ ⎦I M Iω ω   (14) 
( )3 b3d / dt =ω  
( ) ( ) ( ) ( ) ( )13 3 3 3 3b3 b3 b3b3 b3×− ⎡ ⎤−⎢ ⎥⎣ ⎦I M Iω ω   (15) 
Because vectors could not express postures, relative 
postures are not the difference between absolute 
postures. Thus the following method is used to 
compute the relative posture.  
    At first, an absolute posture matrix is set up 
with absolute posture angle variables 
( )b1g b1g 1 1 1, ,φ θ ψ=L L            (16) 
( )b2g b2g 2 2 2, ,φ θ ψ=L L           (17) 
then the relative posture matrix is 
21 b2g b1g=L L L                (18) 
The relative Ruler angles can be calculated using 
the unit ljk of relative posture matrix:  
21 13
21 23 33
21 12 11
sin
tan /
tan /
l
l l
l l
θ
φ
ψ
= − ⎫⎪= ⎬⎪= ⎭
             (19) 
The calculation of other relative Ruler angles are 
also completed using Eq.(19). 
5 Dynamics Analysis 
 In order to accomplish the given missions, the 
dynamics characteristics of each sub-system and 
their dynamics constrains must be computed. Ad-
justing the manipulate variables of two helicopters 
can change the aerodynamic forces and moments 
acting on the helicopters resulting in changes of 
their positions and postures. The load can also be 
adjusted to assume the expected position and pos-
ture. 
The translation dynamics equations of the sub- 
system’s centers of mass in the grand frame Sg can 
be expressed by 
1 1 1
2 2 2
3 3 3
d / d /
d / d /
d / d /
t m
t m
t m
= ⎫⎪= ⎬⎪= ⎭
V F
V F
V F
            (20) 
where Fi (i=1,2,3) is the resultant force acting on 
the sub-systems. The rotation dynamics equations of 
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the sub-systems are expressed by Eqs.(13)-(15). 
From the format of the equations, the dynamics 
equations of any sub-system are semblable, but be-
cause of the presence of force restriction between 
the helicopters and the load, the dynamics coupling 
exists in the system. 
When two helicopters are hovering in the sky, 
their flying velocity is so small that it can be con-
sidered zero and, meantime, the aero-force produced 
by fuselage and flat tail are also small, so the equi-
librium computation of a helicopter under hovering 
condition mainly is about the balance between the 
aero-force, gravity force and rope pull force. The 
forces and moments acting on the helicopter 1 under 
the hovering condition are expressed in Fig.4. T, H, 
S, Mk, Mzg, Mxg denote the rotor drag force, back-
ward force, lateral force, converse moment, pitch 
hub torque and roll hub torque respectively. FyF, MzF, 
MxF denote the fuselage resistance force, fuselage 
pitch torque and fuselage roll torque respectively. 
FyH denotes flat tail resistance force, TT tail rotor 
drag force, and MkT tail rotor converse moment. G 
and F are the helicopter gravity and rope pull 
force[16]. Supposing the coordinate of a rotor center 
is (xM, yM, zM), the pitch angle of rotor shaft is β, the 
coordinate of tail-rotor center is (xT, yT, zT), the up-
ward oblique angle of tail-rotor center is βT, the 
distance between the yb axis and the center of the 
flat tail is xH. 
Using Fig.4, the distributive forces acting on 
the helicopter 1 in the grand frame Sg and the dis-
tributive moments acting on the helicopter 1 in the 
body frame Sb are 
( )
( )
1 g
1 g 1 F
H 1 T T
1 g 1 T T
cos sin sin cos cos
sin sin cos cos
cos sin
cos sin sin cos
x
y z
z
z
F T T H
F T T G F
F F T
F T F T S
β θ β θ θ
β θ β θ
α β φ
β φ α β φ
⎫= + − ⎪= − + + + ⎪⎬+ − + ⎪⎪= − − + + ⎭
 
 (21) 
( )
( )
1 b g F M M T T T
1 b kT g F M M
M H H T T T
1 b k M T T T
cos
cos sin
cos sin
cos
x x x
y y y
z
z
M M M Tz Sy T y
M M M M T x z
Hz F x T x
M M Sx T x
β
β β
β β
β
= + − + + ⋅ ⎫⎪= − − − − −⎪⎬− + ⋅ − ⎪⎪= + − ⋅ ⎭
 
(22) 
Similarly, in the case of the load, they are 
3 g
3 g 1 2
3 g 3 1 2
0
sin sin
cos cos
x
y
z
F
F F F
F G F F
α α
α α
= ⎫⎪= − ⎬⎪= − − ⎭
       (23) 
( )3 b 2 1
3 b
3 b
cos
2
0
0
x
y
z
bM F F
M
M
α= − ⎫⎪⎪= ⎬⎪= ⎪⎭
         (24) 
 
 
 
Fig.4  Forces and torques acting on helicopter 1. 
Because the dynamics coupling between the 
helicopter 2 and the load resembles that between the 
helicopter 1 and the load, there is no need for fur-
ther detailed discussion. In the following the rela-
tive posture dynamics equation between the heli-
copter 1 and the helicopter 2 will be discussed. 
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The relative angle velocities can be computed 
using the absolute angle velocities  
( ) ( ) ( )21 2 21 1b2 b2 b1= − Lω ω ω        (25) 
The differential of the above equation is 
( ) ( ) ( ) ( )21 12 b2b2 b121 21 1 b1d ddd d dt t t  = − −L L
ω ωω ω (26) 
There is a transfer matrix equation 
( )21 21 21b2×  = −L Lω             (27) 
By inserting 21 L  into Eq.(26), the relative angle 
acceleration can be obtained  
( ) ( ) ( )
( ) ( )
21 12 b2b2 b1
21
21 21 1b2 b1
d dd
d d dt t t
×
= − +L
L
ω ωω
ω ω    (28) 
Combining Eq.(28) with the rotation dynamics 
Eqs.(13)-(15) results in the relative posture dynam-
ics equations. 
6 Simulations and Results 
Taking one kind of helicopter as an example, 
its gravity G is 2 000 kg, the pitch angle of rotor 
shaft β is 2°, and the up oblique angle of tail-rotor 
center βT is 2°. It is supposed that the load M   
weighs 4 000 kg and a, b and c amount to 200 m, 
100 m, 100 m respectively. 
Using the dynamics model proposed above, the 
postures and relative postures can be computed. In 
order to adjust the relative position instantaneously 
to avoid accidents, the relative velocity must be 
small enough to prevent the reasonable relative po-
sition from change. Therefore, the relative velocity 
must be measured and maintained within an enough 
small range.  
 Fig.5 and Fig.6 illustrate the velocity of heli-
copter 1, vyg1, and the velocity of helicopter 2, vyg2, 
along the axis yg respectively. The relative velocity 
vyg12 shown in Fig.7 can be calculated on the base of 
the results mentioned above. 
Based on the simulation results, it follows that 
once the motion parameters of subsystems are fixed, 
the positions of subsystems can be attained which 
can be regarded as the referenced position of the 
controller. 
 
Fig.5  Motion velocity of helicopter 1. 
 
Fig.6  Motion velocity of helicopter 2. 
 
Fig.7  Motion velocity of helicopter 2 relative to helicop-
ter 1. 
Because of existence of a linkage between the 
translation and the posture of a helicopter, a change 
in the helicopter’s position and/or velocity must 
induce a change in the posture of a helicopter. In 
order to ensure system safety, the relative posture 
must be kept as constant as possible. When the pos-
ture and the position of each sub-system are meas-
ured, using kinematics model the relative position 
and posture can be attained, and, subsequently, us-
ing the dynamics model, the load can be controlled 
to sustain the expected position and posture by 
adjusting the position of helicopters. 
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7 Conclusions 
The particularity and practicality of harmony 
operation of close-coupling multiple helicopters 
indicate that the researches on it are urgent and 
necessary. Taking the model that describes two heli-
copters suspending and carrying one heavy load as 
an example, the inertia coordinate system and the 
body coordinate systems of each sub-system are 
established. A nonlinear force model is also estab-
lished. The equilibrium computation results can be 
regarded as the reference control inputs of the flight 
control system under hovering condition. The trans-
lation kinematics model and the posture kinematics 
model are established. Subsequently, the coupling 
dynamics model of the multiple helicopter system is 
established. The above-mentioned results also can 
be regarded as a base of stabilization analysis and 
controller design for a close-coupling multiple heli-
copter harmony operation system. 
In the equilibrium analysis and dynamics mod-
eling process, it is supposed that two identical heli-
copters are used with rope pull forces passing 
through their centers of gravity. In order to make 
two helicopters assume good posture and have dy-
namics characteristics, the reasonable load distribu-
tion on different helicopters should be taken into 
account. Besides, the center of gravity of each heli-
copter, the join points between the helicopters and 
the load, the positions of helicopters in the air can 
also have effects on the system performance. In ad-
dition to the dynamics analysis, the control strate-
gies and the communication between the sub-sys- 
tems etc. are also considered. These problems are 
expected to be the future research direction. 
Two identical helicopters are used in the ex-
ample. The rotation of the rotors and the pull force 
of tail-rotors are supposed in the same direction, 
while the pull force of ropes in the opposite. There-
fore, it is surmised that between two helicopters 
exists a large difference of cyclic lateral inputs and 
the roll angles. 
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